In an attempt to explain the observed rotation profile in the solar radiative zone and the tachocline, Spiegel & Zahn proposed a model based on anisotropic turbulent angular momentum transport. Although very successful in reproducing some of the features of the solar tachocline, their model assumes without verification that the origin of the turbulence could be caused by latitudinal shear instability. This paper studies the weakly non-linear evolution of two-dimensional shear instability, in which the interaction between the global rotation profile and the Reynolds stresses can be described self-consistently. Provided that the initial rotation profile is sufficiently close to marginal stability (which is the case of the solar tachocline), the instability is shown to saturate and to relax to a marginally stable state, which differs very little from the observed rotation profile. It is therefore likely that the tachocline is in a state of marginal stability with respect to latitudinal shear instability, and shows that angular momentum transport in the tachocline is unlikely to be caused by shearinduced turbulence.
I N T R O D U C T I O N
The internal rotation of the Sun can be obtained with good accuracy and fairly good spatial resolution down to radii of about 0.6 R ( and latitudes up to about 708 (Schou et al. 1998) . The most striking feature of the rotation profile is the sharp transition between the rotation of the convection zone and that of the radiative zone. Whereas the convection zone sustains a pronounced latitudinal shear, with little radial shear, the radiative zone is rotating nearly uniformly. The two zones are separated by a thin shear layer: the tachocline. Several models have been proposed to explain both the uniform rotation of the interior and the observed sharpness of the transition. The common feature of the models is the necessity of explaining strongly enhanced latitudinal angular momentum transport in the region of the tachocline, which could be attributed either to turbulent Reynolds stresses (Spiegel & Zahn 1992; Elliot 1997) , Lorenz stresses (Ru Èdiger & Kitchatinov 1997; Gough & McIntyre 1998; MacGregor & Charbonneau 1999) or gravity-wave braking (Kumar, Talon & Zahn 1999) . The model proposed by Spiegel & Zahn concerning the turbulent angular momentum transport, however, does not contain a self-consistent explanation of the origin of the turbulence in the tachocline. Indeed, the suggestion that the latitudinal shear in the tachocline may be unstable and therefore lead to turbulence was not verified.
Recently, Charbonneau, Dikpati & Gilman (1999) (hereafter CDG99) performed a two-dimensional linear analysis of latitudinal shear instability in a spherical shell [following the work of Watson (1981) and Dziembowski & Kosovichev (1987) ]; the twodimensional nature of the instability is particularly well justified in the convectively stable radiative zone (and therefore in the tachocline) by the inhibition of all radial motions owing to the strong buoyancy restoring force. The results obtained by CDG99 suggest that the solar rotation profile in the region of the solar tachocline may indeed be unstable to the lowest-order azimuthal modes of the perturbation. Unfortunately, a linear analysis alone cannot give any information concerning the development of the instability, and in particular whether the unstable modes saturate or continue growing and lead to turbulence. For this reason, it seems important to develop the model proposed by CDG99 further, in order to study in particular the non-linear interaction of the modes with the background angular velocity in the tachocline. This paper proposes a weakly non-linear analysis of latitudinal shear instability in a spherical shell. This analysis was motivated by the results presented by CDG99, which suggest that the solar tachocline is close to a state of marginal stability, so that it is likely to behave only weakly non-linearly. In Section 2, the results of the linear analysis performed by CDG99 are briefly summarized and discussed, and the weakly non-linear formalism is introduced. It is then applied, in Section 3, to study the weakly non-linear evolution of the modes of oscillation and their influence on the background rotation profile. It will be shown that the perturbation can be likened to a travelling Rossby wave, which redistributes potential vorticity down-gradient. The resulting local smoothing of the potential vorticity maximum of the background flow (the existence of which is closely related to the stability of the shear) eventually leads to the saturation of the modes. The implication of these results for the dynamics of the tachocline are then discussed in Section 4, along with the validity of the nonlinear algorithm that has been used.
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Summary of the linear analysis results
The question of linear stability of the latitudinal shear observed in the Sun has already been addressed, first by Watson (1981) and later by Dziembowski & Kosovichev (1987) and CDG99. Only an outline of the linear analysis and its results is presented here. The vertical motion of the fluid is neglected, and the instability is assumed to take place on a spherical shell. This assumption applies well to the solar radiative zone, where the buoyancy restoring force inhibits all but the slowest radial motions. The perturbations are assumed to be solenoidal, and the fluid is inviscid. The calculation is performed in the spherical coordinate system (r, u, f), on a shell of unit radius. The velocity field u is decomposed into its azimuthally averaged part and the perturbation: u u 1 u H : The eigenvalue equation for the perturbation is 1 2 m 2 c m : 3
The functions c m must satisfy appropriate boundary conditions. Because of the invariance of equation (1) under the transformation m 3 2m; the solutions can be represented as a linear combination of symmetric and antisymmetric modes. Symmetric modes, with propagation speed c m,s are such that dc m =dm 0 on the equator m 0 and antisymmetric modes, with propagation speed c a,s , have c m 0 on the equator. Regularity at the poles requires that c m 0 at m ^1: The periodicity of the system requires that the values of m be integers. Because of the functional form of v m , however, the eigensolutions of equation (1) for m and 2m are complex conjugates, as are their corresponding growth rates. By convention, the growing modes are chosen to have m . 0; whereas the decaying modes have m , 0: General results on this instability were derived by Watson (1981) . In particular, Watson derived a necessary condition for instability: that the latitudinal shear can be unstable only if there exists a maximum in the potential vorticity of the system, which is analogous to the well-known Rayleigh inflection-point theorem (Rayleigh 1880).
Some of the growing solutions are presented by CDG99 for m 1 and 2, for symmetric and antisymmetric modes. Their results call for the following remarks.
(i) By using a three-parameter polynomial fit to the helioseismic inversions of the solar rotation profile in the region of the tachocline, and calculating its stability, CDG99 concluded that the latitudinal shear in the tachocline is likely to be stable to any perturbation. However, the system is observed to be very close to the marginal stability limit (where Imc m 3 0; so that slight differences in the inversions lead to rather different conclusions concerning the stability of the system. In particular, CDG99 deduce from their calculations that only slightly higher within the convection zone (around 0.72 R ( , instead of the assumed position for the tachocline of 0.713 R ( ), the rotation profile is unstable to linear horizontal perturbations. Since all inversion methods yield averages of the rotation profile that extend over a finite region, it is very likely that the tachocline is undergoing a rather larger shear than observed in the inversions, and hence it might be unstable. As a result, it seems more realistic to use the rotation profile observed only slightly higher in the convection zone as a model for the shear in the tachocline. This would also provide upper limits on the instability. The commonly used three-parameter fit to the mean zonal (azimuthal) velocity u f is
where V eq is the equatorial angular velocity. For the region near the bottom of the convection zone (at r 0:75 R ( ; comparison with the observations yields (see CDG99)
a 2 < a 4 < 0:15 and V eq < 2:84 Â 10 26 s 21
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(whereas CDG99 used values of a 2 and a 4 closer to 0.1 and 0.05, respectively). In what follows, time is measured in units of t 1=V eq < 4 d; so that V eq in equation (4) is replaced by unity.
(ii) Linear stability analysis of the particular rotation profile given by the parameter values in (5) indicates that three modes are unstable, namely the m 1 and 3 symmetric modes, and the m 2 antisymmetric mode. Their respective growth rates are (iii) Although growing and decaying solutions are formally the only ones that lead to a net flux of angular momentum, other solutions can also be found which have a null growth rate, and oscillate with a period of a few years. Moreover, there exist singular solutions, which are also neutrally stable; the oscillation period of these modes varies continuously between the value of the rotation period of the pole, and that of the equator. As a result, there is a critical layer in the flow where the rotation period of the background flow equals Re(c) and equation (1) has a regular singularity. These singular solutions cannot be found numerically; in any case, the linear approximation formally breaks down within the critical layer. The non-linear behaviour of waves in a critical layer has been studied extensively in the case of linear shear flows [see, for instance, the work of Killworth & McIntyre (1985) , Haynes (1989) or Andrews, Holton & Leovy (1987) for an introductory analysis]; it is usually found that waves evolve strong non-linear spiral structures to finally break within the critical layer and locally mix potential vorticity.
(iv) CDG99 pointed out that the behaviour of the rotation profile near the poles could have a strong influence on the stability of the system. It was shown by Schou et al. (1998) that the actual solar rotation profile deviates significantly from the power-law expansion given by equation (4) near the poles in the surface layers (around r 0:995 R ( : One might ask whether this property affects the stability of the system if it persists throughout the convection zone and into the tachocline (a fact which, unfortunately, cannot be verified as yet). It is therefore interesting to study the effect of a slowly rotating pole, under the working assumption that it is also present in the region of the tachocline.
Formalism and numerical algorithm for the weakly non-linear analysis
The weakly non-linear formalism consists mainly of neglecting the direct coupling between the modes, yet keeping the non-linear coupling of each mode with the background shear. This method is commonly used in atmospheric dynamics, to study the interaction of waves with the general atmospheric circulation (see Matsuno 1971 for instance). It is justified when the amplitudes of the modes remain small throughout their non-linear evolution, which can be verified only a posteriori. However, because the tachocline is observed to be very close to marginal stability, the linear growth rates of the modes are very small, so that, at least initially, the amplitudes of the modes can be assumed to remain small. The evolution of the background azimuthal velocity experiencing the shear instability is then given by (CDG99)
where c m * is the complex conjugate of c m . Only modes that are unstable (i.e. for which Imc m . 0 contribute to the sum in equation (7), since for Imc m 0; c m c m *: Assuming that equation (7) describes the non-linear evolution of the system appropriately in the case of small-amplitude perturbations (this assumption is discussed in more detail in Section 3.4.2), the weakly non-linear evolution of the modes and the background state can be obtained by iterating the following steps:
(i) calculation of the unstable eigenfunctions and eigenvalues for a given rotation profile, using equation (1); (ii) evolution of the rotation profile in time according to equation (7) for the antisymmetric modes.
R E S U LT S A N D D I S C U S S I O N
The results of the weakly non-linear evolution of the rotation profile of the tachocline are presented in this section. In order to separate the contributions of the different modes of oscillation, Section 3.1 presents separately the evolution of two modes of oscillation, and their interaction with the background rotation profile. Section 3.2 then presents the results when the combined action of all modes is taken into account. Section 3.3 presents the results of the weakly non-linear evolution of a system that mimics the slow rotation of the poles, as observed near the surface of the Sun. These results, along with the validity of the weakly nonlinear algorithm, are then discussed in Section 3.4.
Independent evolution of the unstable modes
The rotation profile described by equation (5) has three linearly unstable modes, the m 1 and 3 symmetric modes and the m 2 antisymmetric mode. The weakly non-linear evolution of two of these modes is presented here for each mode separately, in order to illustrate more clearly some of the specific features of the nonlinear interaction of the perturbation and the background flow.
The m 1 symmetric mode
The results of the non-linear evolution of the m 1 symmetric mode and its influence on the background rotation profile are presented in Fig. 1 . The initial conditions for this calculation are:
H u e u f at the equator, with e 10 24 ; (ii) the initial rotation profile is described by equation (5).
It is found that for such an initial amplitude, an acceptable time step for the simulation is dt 5 Â 10 23 : These results call for the following comments.
(i) Fig. 1(a) represents the evolution of the real and imaginary parts c 1,s . Note the decay of the growth rate Im(c 1,s ) of the mode with time, which shows the non-linear saturation process. The calculation had to be stopped when Imc 1;s , 2 Â 10 23 because the mode became too nearly singular to compute. The real part of c 1,s , on the other hand, remains approximately constant throughout the evolution of the system. The background state approaches marginal stability (i.e. a system with vanishing growth rate and Reynolds stresses). Defining the time-scale for saturation to be the typical time required for the growth rate to drop by a factor of 2, it is observed that for an initial amplitude of e 10 24 ; t 135 (which corresponds to about 540 d). The variation of the saturation time-scale with initial amplitude is shown in Fig. 2 .
(ii) The Reynolds stresses, transporters of angular momentum, are represented in Fig. 1(b) . Note how these are concentrated near 608, which corresponds to the latitude of the maximum of potential vorticity of the background flow (see Fig. 1d ). The Reynolds stresses are proportional to the square of the amplitude of the eigenfunction, and, after a period of increase, begin decreasing with time despite the increase in the amplitudes of both the real and imaginary parts of the eigenfunction, as given by equations (8) and (9). This effect is caused by Imc m 3 0 : when Imc 0; the real and imaginary part of the eigenfunctions are solutions to the same equation with the same boundary conditions, so that c m 3 c m *: As a result, the Reynolds stresses in equation (7) also tend to zero.
(iii) The evolution of the initial rotation profile owing to the perturbation is shown in Fig. 1(c) . The bottom curve is the actual rotation profile at each time, but the deformation caused by the instability is too small to be seen. The deviation from the initial rotation profile is shown in the top half of the panel, and takes the form of a localized increase in the azimuthal velocity of the flow around a latitude of ,608; however, being very small, this increase only results in a slight localized flattening of the zonal velocity profile. The flattening process slows down with time.
(iv) The saturation mechanism can best be understood from Fig. 1(d) . The evolution of the radial component of vorticity (which is proportional to the potential vorticity of the flow) is shown here; the inset shows an enlargement of the region near the potential-vorticity maximum. Since the existence of the maximum has an important role to play in the excitation mechanism of the instability (Rayleigh 1880; Watson 1981) it is not surprising that the slow erosion of the vorticity maximum caused by the instability, as observed in Fig. 1 , acts to stabilize the system and leads it towards a state of marginal stability. Note that, as expected from any two-dimensional flow, the total potential vorticity is conserved; the perturbation merely redistributes it from the position of the maximum towards the pole and the equator.
The m 2 antisymmetric mode
The results of the non-linear evolution of the m 2 antisymmetric mode and its influence on the background rotation profile are presented in Fig. 3 . The initial conditions for this calculation are:
u f at the equator, with e 10 24 ; (ii) the initial rotation profile is described by equation (5). The results for the m 2 mode are similar to those presented for the m 1 mode. Note, however, the two main differences. First, the growth rate for the m 2 mode is smaller than that of the m 1 mode (Fig. 3a) , which leads to smaller values of the Reynolds stresses at a given time t (Fig. 3b) . As a result, the influence of this mode on the background rotation profile is much smaller than for the previously shown m 1 mode (Fig. 3c) . Secondly, the action on the vorticity occurs at a different latitude, creating a step-like feature in the vorticity profile (Fig. 3d) . However, because this also affects the vorticity maximum, saturation still occurs (as seen in Figs 3a and b) but on a longer time-scale. In this case, the instability is observed to evolve on a time-scale of about t 580 (which corresponds to ,6.3 yr) for the initial amplitude used in this calculation. The marginally stable state eventually reached by the system is different from that obtained in the case where the m 1 mode was evolved.
All modes
The results of the non-linear evolution of the perturbation and its influence on the background rotation profile are presented in Fig. 4 . The initial conditions for this calculation are: (i) the initial rotation profile is described by equation (5) where e 10 24 : In this final plot, all the modes have been taken into account. Starting with similar amplitudes for linearly unstable m 1; 2 and 3 modes, the stability of other modes to the evolved rotation profile is checked regularly: none of these modes becomes unstable. Note that because the growth rates of the m 2 and 3 modes are much smaller than that of the m 1 mode, the effect of the instability on the background rotation profile is dominated by the m 1 mode. The instability tends to a state of marginal stability on a time-scale of about t 80; again, this marginally stable state is different from that obtained in Sections 3.1.1 and 3.1.2 where only one mode (either m 1 or m 2 was taken into account.
Effect of a slowly rotating pole
It has been observed by Schou et al. (1998) that the rotation rate near the poles deviates significantly (by more than 10 per cent) from the usual power-law expansion described in equation (4) the surface layers of the Sun. Unfortunately, owing to degradation of the resolution with both depth and with latitude it is not yet possible to check whether this slow rotation persists deeper into the convection zone. Theories and numerical simulations have so far failed to explain this phenomenon through purely hydrodynamical effects. It is therefore possible that this rotation profile may have a much deeper origin, and persist throughout the convection zone and the tachocline. Assuming this to be the case, the aim of this section is to study the effect of a slowly rotating pole on the stability of the tachocline to latitudinal shear instability. The initial rotation profile studied now is based on the observations of the solar rotation profile near the surface (at r 0:9875 R ( ; and is adapted from the results of Schou et al. (1998) . A good three-parameter fit is given by The initial rotation profiles given by V 0 V 32fit 1 V res for the four models are evolved using the weakly non-linear algorithm. As in the previous section, the initial conditions for the perturbation are: The results are shown in Fig. 6 . This plot shows the deviations from the initial background rotation profiles, given by Models 0, A, B and C at the dimensionless time t 120 (for which the system in all cases is close to saturation). Model 0 has no dip in the polar rotation rate, and the corresponding results are very close to those presented in Section 3.2, despite the change of the coefficients a 2 and a 4 used for the three-parameter fit. As CDG99 suggested, the instability depends more on the total shear (i.e. a 2 1 a 4 than on the respective values of these coefficients.
The main effect of a slowly rotating pole is to introduce a second increase in the azimuthal velocity of the background flow, at a latitude of ,808. The slower the polar rotation, the larger the increase (above the initial value) in angular velocity near the poles.
Discussion
The previous results are now discussed, with relevance to observations, and the problem of angular momentum transport in the solar tachocline. The validity of the weakly non-linear algorithm is also discussed.
Discussion of the effects of the instability
Watson, in 1981, showed that a latitudinal shear on a spherical shell can only be unstable to two-dimensional perturbations provided there exists a sufficiently strong maximum in the background potential vorticity. If this is the case, the growing or decaying eigenmodes of the perturbations are travelling Rossby waves, oscillating with a frequency mRe(c m ) which takes values between the background rotation period of the pole and that of the equator. The waves redistribute potential vorticity down-gradient, and gradually erode the potential vorticity maximum. This process slowly stabilizes the system, which can be seen for instance in the decay of the growth rate with time. The growth rate is intrinsically linked with the Reynolds stresses, and as Imc m 3 0; c m 3 c m *; so that the right-hand side of equation (7) tends to 0: the system is asymptotically driven towards a state of marginal stability. The typical time-scale t for the saturation of the background flow is shown as a function of the initial amplitude of the perturbation in Fig. 2 . It is common in astrophysics to assume that the marginally stable state reached by a system after the saturation of an instability is unique. This is usually the case when the stability criterion is local, as it is in convective instability, for example. On the other hand, when the instability criterion is global, marginally stable states are usually not unique; the results presented in this paper illustrate this phenomenon. The marginally stable state reached by the system depends on the initial rotation profile and the initial spectrum of amplitudes of the modes, but is independent of the total power of the perturbation for a given initial rotation profile. The stable states need not be states of monotonically increasing/decreasing potential vorticity; in fact, there exist many rotation profiles containing a maximum in potential vorticity which are stable to latitudinal shear instability (see Watson 1981; CDG99) . It could be argued that the system takes an infinitely long time to reach the marginally stable states, but this is only an artefact of the weakly non-linear approximation. As the system approaches a marginally stable state, the perturbation eigenfunctions become more and more singular and the linear approximation locally breaks down near the critical latitudes (see Section 2.1). By analogy with linear shear flow analysis (see, for instance, Haynes 1989), one can assume that the Rossby waves eventually break within the critical layer owing to their non-linear evolution, locally mixing potential vorticity and therefore completing the saturation process.
Helioseismic inversions are usually able to obtain only the axisymmetric, north±south symmetric rotation profile. In those cases only the background flow u f (which is by definition axisymmetric) can be detected. In all the cases studied, the state of marginal stability reached by the system deviates only very slightly from the original state, with a total deviation of no more than 0.2 per cent of the original angular velocity given by the three-parameter fit. Such a small variation could not be detected by helioseismic inversions. The effect of a slowly rotating pole has also been studied. It has been shown that the resulting marginally stable state contains an additional enhancement of the angular velocity at a latitude of ,808. However, the global stability properties of the system are hardly changed: the saturation timescale remains similar, and the average amplitude of the deviation from the initial rotation profile does not exceed 0.2 per cent. These results suggest that the solar rotation profile might actually be in a state of marginal stability. The adjustment of the background rotation profile to the shear instability occurs on a time-scale no longer than that of other angular momentum transport processes (such as a large-scale meridional circulation, and possibly magnetic stresses); as a result, although this instability is not dominant in the overall determination of the final steady-state profile, it may force the system, at all times, to remain close to a state of marginal stability.
Discussion of the validity of the weakly non-linear algorithm
The weakly non-linear algorithm presented here, and in particular equation (7) for the evolution of the background flow, is valid only provided the background flow evolves on a time-scale that is much larger than the period of oscillation of the perturbation. Since typically Re(c) is of the order of unity, it is essential that t @ 1: Comparing this condition with the results presented in Fig. 2 shows that the weakly non-linear algorithm can be applied, roughly speaking, only to perturbations of amplitude e smaller than 10
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. The main difficulty in studying the inviscid latitudinal shear flow instability arises from the presence of a critical layer in the flow, at a latitude for which the phase speed of the wave is equal to the velocity of the background flow: u f c m 1 2 m 2 p ; when c m is real. At this point the eigenvalue equation has a regular singularity; the critical layer leads to the existence of a continuum of singular, neutrally stable eigenmodes. The weakly non-linear algorithm presented in this paper is proposed as an alternative to a more rigorous weakly non-linear theory (see, for example, Drazin & Reid 1981, chapter 7): it allows one to make full use of the results of linear theory and provides a relatively easy method of calculating the weakly non-linear interaction of the modes with the background rotation profile, whereas standard weakly nonlinear theory can formally not be used because of the interaction between the continuum of neutrally stable singular modes and the discrete unstable ones. The addition of viscosity (albeit vanishingly small) would simplify the mathematical problem, since the critical layer is then replaced by a viscous boundary layer, and the continuum of neutral modes is replaced by a discrete spectrum of either growing or decaying modes. In that case, the results of weakly non-linear theory and those provided through the algorithm presented in this paper can be shown to be similar provided that the system is sufficiently close to marginal stability, and that the bifurcation to instability is supercritical. The first condition is likely to be fulfilled by the solar rotation profile studied in Sections 3.1 and 3.2. The second condition would guarantee that the system remains subcritically stable to finiteamplitude perturbations. Both these conditions can be verified only by studying the full non-linear theory of this shear flow, which is beyond the scope of this paper (one might note that there exist subcritical instabilities in plane and cylindrical Couette flow, which is similar but not completely analogous to the flow considered here). Spiegel & Zahn (1992) , in an attempt to explain the rotation profile in the region of the solar tachocline, suggested that the observed latitudinal shear in that region may be unstable, and through the resulting anisotropic turbulence, sustain an enhanced latitudinal flux of angular momentum.
CONCLUSION
In order to check whether latitudinal shear instability may indeed lead to the required angular momentum flux in the tachocline, a weakly non-linear algorithm was constructed, which allows the study of the evolution of a background rotation profile undergoing two-dimensional latitudinal shear instability. The linear stability of the system depends on the global characteristics of the shear and in particular the total difference between the angular velocity of the equator and that of the poles. The existence of a sufficiently pronounced maximum in the potential vorticity is a necessary condition for instability. The linear eigenmodes of the perturbation can be identified as Rossby waves, and transport vorticity down-gradient. As a result, the vorticity maximum is eroded' by the weakly non-linear evolution of the perturbation, which slowly leads to the saturation of the instability, and drives the system towards a state of marginal stability. There exists a continuum of marginally stable states, and these have two important features: they have null Reynolds stresses, which leads to no net flux of angular momentum, and in the case of the tachocline, they induce a deviation from the observed rotation profiles parametrized by equation (4) which is less than 0.2 per cent; such a small deviation could not be detected helioseismically. It seems likely that the tachocline is essentially in a state of marginal stability with regard to latitudinal shear instability.
This study suggests that the latitudinal shear instability cannot be solely responsible for the observed rotation profile in the region of the tachocline, and the uniform rotation of the interior: another mechanism must also be involved, which could be attributed to Lorentz stresses (Gough & McIntyre 1998) . However, most angular momentum transport processes appear to act on timescales not significantly shorter than the characteristic time-scale for the saturation of this shear instability and the convergence of the background rotation profile towards a marginally stable state. As a result, although probably insignificant in the determination the overall shape and evolution of the angular rotation profile, the Reynolds stresses caused by latitudinal shear instability could still play an important role in keeping the system, at all times, close to a marginally stable state.
AC K N OW L E D G M E N T S
I thank PPARC and the Isaac Newton Fund for their financial support. I am extremely grateful to D.O. Gough for fruitful discussions and for his moral support in the publication of this work.
